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Let M and N be two smoothly immersed manifolds of codimension 2 in the Euclidean
space R2n . We study the enumerative problem: ﬁnd the number of the pairs (x, y) ∈ M×N
of points so that Mx is parallel to Ny , where Mx ⊂R2n is the tangent space to M at x.
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1. The result
Let M and N be two closed, oriented, smoothly immersed manifolds of codimension 2 in the 2n-dimensional Euclidean
space R2n . For a point x ∈ M let Mx ⊂ R2n be the tangent plane to M at x. Denote by P (M,N) the set of all pairs (x, y) ∈
M × N of points such that Mx is parallel to Ny as aﬃne planes of the same dimension in the Euclidean space R2n . The
number #P (M,N) is called the parallel tangency of the two immersions M,N →R2n , where #S denotes the cardinality of a
set S .
In this paper all cohomologies are over the integer coeﬃcients. Let χ(M) be the Euler characteristic of M , and let
d(M) ∈ H2(M) be the Euler class of the normal bundle of the immersion M → R2n , which is oriented by the orientations
on M and on R2n . In term of the Kronecker pairing 〈, 〉 and the orientation class [M] ∈ H2(n−1)(M) on M , the degree of the
immersion M →R2n is the integer deﬁned by
κ(M) = 〈d(M)n−1, [M]〉.
Our main result gives a lower bound for the number #P (M,N) in terms of the Euler characteristics χ(M), χ(N) and the
regular homotopy invariants κ(M), κ(N) of immersions.
Theorem 1.1. If the two immersions M,N →R2n are in general position2 then
#P (M,N)
{ |χ(M)χ(N) − κ(M)κ(N)| if n is even;
max{|χ(M)χ(N)|, |κ(M)κ(N)|} if n is odd,
where |a| is the absolute value of an integer a.
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connected sum of r-copies of the manifold S2m × S2m . Then
χ(M) = χ(N) = 2r + 2; κ(M) = κ(N) = 0.
The theorem shows that #P (M,N) 4(r + 1)2 for any two immersions M,N →R4m+2.
2. Preliminaries
Let G2(R2n) be the Grassmannian of oriented 2-planes through the origin in R2n . The proof of Theorem 1.1 will be done
by calculating the intersection multiplicities of certain real cycles on G2(R2n).
In [1] Bott observed that there exist cohomology classes t ∈ H2(G2(R2n)) and v ∈ H2(n−1)(G2(R2n)) so that
(i) an additive basis for the graded cohomology H∗(G2(R2n)) is given by
{
1, t, t2, . . . , tn−1, v, tv, . . . , tn−1v
};
(ii) the classes t, v ∈ H∗(G2(R2n)) are subject to the relations
tn = 2tv, v2 =
{
tn−1v if n is odd;
0 if n is even.
We point out in the next result that the classes t , v above admit nice descriptions in terms of characteristic classes of
vector bundles, which is crucial for our purpose.
In the 2n-dimensional trivial real bundle G2(R2n) ×R2n one has the canonical 2-dimensional sub-bundle
γ = {(y, v) ∈ G2(R2n)×R2n ∣∣ v ∈ y}
where y ∈ G2(R2n) is considered as an oriented 2-dimensional subspace on R2n . Let γ on G2(R2n) be furnished with the
preferred orientation, and let γ ⊥ be the orthogonal complement of γ in the product G2(R2n) × R2n with the quotient
orientation. Write t ∈ H2(G2(R2n)), s ∈ H2n−2(G2(R2n)) for the Euler classes of the oriented bundles γ and γ ⊥ respectively
[6, p. 98].
Lemma 2.1. ([2, §2.3]) The class tn−1 + s is divisible by 2. Further, if we put v = 12 (tn−1 + s), then the ring H∗(G2(R2n)) is generated
by t, v subject to the relations:
tn = 2tv, v2 =
{
tn−1v if n is odd;
0 if n is even.
Let τ : G2(R2n) → G2(R2n) be the free involution reversing the orientation of each oriented 2-plane. Since the induced
bundle τ ∗γ (resp. τ ∗γ ⊥) is isomorphic to γ (resp. γ ⊥) but with the opposite orientation, from the naturality of Euler
classes we get
Lemma 2.2. The induced endomorphism τ ∗ on H∗(G2(R2n)) is given by
τ ∗t = −t, τ ∗v = −v + 1+ (−1)
n−1
2
tn−1.
For an immersion f : M → R2n let fˆ : M → G2(R2n) be the Gauss map that sends x ∈ M to the oriented plane γx ∈
G2(R2n) normal to Mx and through the origin 0 ∈R2n . Write D f ∈ H2(n−1)(G2(R2n)) for the Poincare dual of the cycle class
fˆ∗[M] ∈ H2(n−1)(G2(R2n)). In view of the additive basis {tn−1, v} of H2(n−1)(G2(R2n)) one must have the expression
D f = a( f )tn−1 + b( f )v,
for some integers a( f ), b( f ) depending on the immersion f .
Lemma 2.3. For any immersion f : M →R2n one has
(
a( f ),b( f )
) =
(
κ(M) + (−1)nχ(M)
2
, (−1)n−1χ(M)
)
.
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fˆ∗[M] = D f ∩
[
G2
(
R
2n)],
where ∩ is the cap product between cohomology and homology. The standard property 〈a,b∩ ξ〉 = 〈a∪ b, ξ〉 of cap product
implies that
〈
s, fˆ∗[M]
〉 = 〈s ∪ D f , [G2(R2n)]〉
= a( f )〈s ∪ tn−1, [G2(R2n)]〉+ b( f )〈s ∪ v, [G2(R2n)]〉
= (−1)n−1b( f ),
by Lemma 2.1. Similarly, we have
〈
tn−1, fˆ∗[M]
〉 = 〈tn−1 ∪ D f , [G2(R2n)]〉
= a( f )〈t2(n−1), [G2(R2n)]〉+ b( f )〈tn−1v, [G2(R2n)]〉
= 2a( f ) + b( f ).
On the other hand, since the induced bundles fˆ ∗γ ⊥ and fˆ ∗γ are respectively the tangent bundle of M and the normal
bundle of the immersion, from the naturality of Euler classes one gets
〈
s, fˆ∗[M]
〉 = 〈 fˆ ∗s, [M]〉 = 〈e(M), [M]〉 = χ(M),〈
tn−1, fˆ∗[M]
〉 = 〈( fˆ ∗t)n−1, [M]〉 = 〈d(M)n−1, [M]〉 = κ(M),
where the e(M) ∈ H2n−2(M) is Euler class of M . Lemma 2.3 has now been veriﬁed by the system
(−1)n−1b( f ) = χ(M), 2a( f ) + b( f ) = κ(M). 
3. Proof of Theorem 1.1
Let fˆ : M → G2(R2n) and gˆ : N → G2(R2n) be the Gauss maps of the immersions M,N →R2n , respectively. By Lemma 2.3
one has
D f = κ(M) + (−1)
nχ(M)
2
tn−1 + (−1)n−1χ(M)v, (3.1)
Dg = κ(N) + (−1)
nχ(N)
2
tn−1 + (−1)n−1χ(N)v. (3.2)
Combining (3.3) with Lemma 2.2 yields that
τ ∗D f = (−1)n−1 κ(M) + χ(M)2 t
n−1 + (−1)nχ(M)v. (3.3)
The set P (M,N) admits a partition P+(M,N) unionsq P−(M,N) with
P+(−)(M,N) = {(x, y) ∈ P (M,N) ∣∣ the Euclidean parallel translation Mx → Ny
is orientation preserving (reversing)
}
.
Consequently, the maps fˆ and gˆ restrict to one to one correspondences
P+(M,N) ↔ fˆ (M) ∩ gˆ(N) ⊂ G2
(
R
2n),
P−(M,N) ↔ τ ◦ fˆ (M) ∩ gˆ(N) ⊂ G2
(
R
2n),
where A ∩ B means the intersection of two subsets A, B ⊂ G2(R2n). It follows that
#P (M,N) = #[ fˆ (M) ∩ gˆ(N)]+ #[τ ◦ fˆ (M) ∩ gˆ(N)].
Moreover, by asking that the immersions M , N → R2n are in general position, we can assume that gˆ is transverse to both
fˆ and τ ◦ fˆ . It follows that (e.g. [3, p. 293])
#
[
fˆ (M) ∩ gˆ(N)] ∣∣〈D f ∪ Dg,G2(R2n)〉∣∣,
#
[
τ ◦ fˆ (M) ∩ gˆ(N)] ∣∣〈τ ∗D f ∪ Dg,G2(R2n)〉∣∣.
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〈
D f ∪ Dg,G2
(
R
2n)〉 = κ(M)κ(N) + (−1)n−1χ(M)χ(N)
2
, (3.4)
〈
τ ∗D f ∪ Dg,G2
(
R
2n)〉 = (−1)n−1 κ(M)κ(N) − χ(M)χ(N)
2
. (3.5)
Theorem 1.1 is now established by the inequality
#P (M,N)
∣∣∣∣κ(M)κ(N) + (−1)
n−1χ(M)χ(N)
2
∣∣∣∣+
∣∣∣∣κ(M)κ(N) − χ(M)χ(N)2
∣∣∣∣.
4. Remarks
1. The codimension 2 constraint that we have imposed on the immersions is indeed a crucial one. Consider two immersions
f : M →Rm , g : N →Rm of oriented manifolds with an arbitrary codimension k. One may expect to investigate their parallel
tangency #P (M,N) by examining the intersection multiplicities of the associated Gauss maps
fˆ : M → Gk
(
R
m), gˆ : N → Gk(Rm),
where the Gk(Rm) is the Grassmannian of oriented k-planes through the origin in Rm . However, this is possible if and only
if
dimM + dimN = dimGk
(
R
m) (= k(m − k)).
That is, the number #P (M,N) makes sense only if k = 2.
2. For a single codimension 2 embedding f : M →Rm we set P (M) = P+(M) unionsq P−(M) with
P+(M) = {(x, y) ∈ M × M ∣∣ x = y; the tangent spaces Mx and My are orientation preservingly parallel},
P−(M) = {(x, y) ∈ M × M ∣∣ the tangent spaces Mx and My are orientation reversingly parallel}.
In [5,7], Lai and White studied the problem of ﬁnding a lower bound for the number #P−(M) in the case of m = 2n. In
particular, based on explicit cell decomposition for the Grassmannian G2(R2n) Lai proved that (see [5, Theorem 3.3])
#P−(M) 1
4
χ(M)2.
With the notation introduced in Section 3 we clearly have
P−(M) = ∣∣τ ◦ fˆ (M) ∩ fˆ (M)∣∣.
Furthermore, from a general property [6, Corollary 11.4] of embeddings we must have κ = 0. Therefore, we get from (3.5)
a result that improves the above estimation of Lai
#P−(M) = ∣∣τ ◦ fˆ (M) ∩ fˆ (M)∣∣ 1
2
χ(M)2.
3. One may also study the parallel tangency #P (M,N) for two codimension 2 immersions f : M → R2n+1, g : N → R2n+1
(resp. #P (M) for a single embedding f : M → R2n+1) into the odd dimensional Euclidean space R2n+1. However, since the
graded group H∗(G2(R2n+1)) vanishes in odd degrees [1], one always has
fˆ∗[M] = gˆ∗[N] = 0,
where fˆ is the Gauss map of the immersion f . Since regular homotopy immersions yield homotopic Gauss maps and since
the manifold G2(R2n+1) is 1-connected, it is reasonable for us to propose the next two questions:
(i) Can any two codimension 2 immersions f : M →R2n+1, g : N →R2n+1 be modiﬁed via regular homotopies so that the
corresponding parallel tangency #P (M,N) is zero?
(ii) Can a single codimension 2 embedding f : M → R2n+1 be modiﬁed via isotopy so that the corresponding parallel
tangency #P (M) is zero?
In the simplest case n = 1, question (ii) was also asked by Colin Adams, and was answered aﬃrmatively by Y.Q. Wu in [8].
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